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Abstract 

The Hamiltonian formulation of the theory proposed in ^ [2] is given both 
' in the Hamilton-De Donder and in the Multimomentum Hamiltonian geomet- 

. rical approaches. (3 + 3) Yang-Mills gauge theories are dealt with explicitly 

C**"* ' in order to restate them in terms of Einstein-Cartan like field theories. 
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1 Introduction 



In some of our recent works ^ |^1 E] a new geometrical framework for Yang-Mills 
field theories and General Relativity in the tetrad-affine formulation has been 
| developed. 

The construction of the new geometrical setting started from the observation that 
even though the Lagrangian densities of the above theories are defined over the 
first jet-bundle of the configuration space, they only depend of the antisymmetric 
combination of field derivatives in the space-time indexes. As for the Yang-Mills 
case, this is the reason for the singularity in the Lagrangian. 
The idea consists is considering a suitable quotient of the first jet-bundle, making 
two sections equivalent when they possess a first order contact with respect to the 
exterior covariant differentiation, instead of the whole set of derivatives. The fiber 
coordinates of the resulting quotient bundle are the antisymmetric combinations 
of the field derivatives that appear in the Lagrangian. 
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The geometry of the new space has been widely studied, in order to build as 
many usual geometric structures of the jet-bundle theory as possible, such as 
contact forms, jet-prolongations of sections, morphisms and vector fields. These 
are the geometric tools that are needed to implement variational problems in the 
Poincare-Cartan formalism. Moreover, particular choices for the fiber coordinates 
have been shown to be possible: they consist in the components of the strength 
tensor for Yang-Mills theories and in the torsion and curvature tensors for General 
Relativity. 

This resulted into the elimination of some un-physical degrees of freedom from the 
theory (represented by un-necessary jet-coordinates) and to even obtain a regular 
Lagrangian theory in the case of Yang-Mills fields. 

This last consideration was the thrust that moved us to write the present work: 
the presence of a regular Lagrangian allows us to write a Hamiltonian version of 
the theory proposed in The advantages arising from the present approach, 

with respect to the already existing formulations, based on singular Lagrangians 
(compare, for example, with [IJ Ej), are striking. In fact, the singularity of the 
Lagrangian is the source of known drawbacks: the equations are defined on a 
constraint sub-manifold, there exist multiple Hamitonian forms associated with 
the same Lagrangian and the equivalence between Euler-Lagrange and Hamilton 
equations is not a direct consequence of Legendre transform any more. 
On the contrary, the situation in the new geometrical framework is simpler and 
more elegant: the "Lagrangian" space and the phase-space have the same di- 
mension and the Legendre transform is a (local) diffeomorphism. This ensures 
the direct equivalence of Lagrangian and Hamiltonian formulations, both in the 
Hamilton-De Donder (section 3) and in the Multimomentum Hamiltonian ap- 
proach (section 4). 

Finally, we devoted the last section to study the peculiar (3 + 3) Yang-Mills theory. 
Starting from the work made in [7JIH], we showed that a coordinate transforma- 
tion in the phase-space, together with the Poincare-Cartan approach in our new 
formalism, allows to describe a (3+3) Yang-Mills theory by means of Einstein- 
Cartan like equations in 3 dimensions. In particular, in the case of a free (3 + 3) 
Yang-Mills field the geometrical construction gives rise to a sort of first-order 
purely frame-formulation of a General Relativity like theory. 
This result is interesting for its further developments: in fact we will show in a 
subsequent work that an analogous geometrical machinery may be applied to build 
a first-order purely frame-formulation of General Relativity in four dimensions 

EUj. 

2 The geometrical framework 

The present section is devoted to revising the geometrical structure that has been 
introduced in P3E] to describe Yang-Mills theories. 

Let 7r : P — > M be a principal fiber bundle, with structural group G and let 



2 



x\g^ denote a system of local fibered coordinates on P. J\(P) denotes the first 
jet-bundle of tt : P — > M and it is referred to local coordinates x l ,g^,g^ ^~ . 

The space of principal connections on P is identified with the quotient bundle 
E := J\{P)/G with respect to the (jet-prolongation of) the right action Rh of 
the structural group on P. If Vv (g, h) represents the differential of the right 
multiplication in g G G, a set of local coordinates in the quotient space is 
provided by x M , af = —g"Vy(g, g^ 1 ), subject to the following transformation laws: 

x l = x l (x j ), a? = 

where Ady and Wy denote respectively the adjoint representation of G and the 
differential of the left multiplication in G, while 7 : U C M — > G (U open set) is 
an arbitrary smooth map. 

As a consequence, the bundle E — > M has the nature of an affine bundle, 
whose sections represent principal connections over P — ► M. In fact, every section 
w : M — > J\(P)/G yields a connection 1-form on P, locally described as: 



^( 7 -i)^ + ^( 7 - 1 , 7 )U 



da? 7 



(2.1) 



u(x,g) = ^{x,g)® % := [Ad(g^aUx) dx l + W»{g-\g) dg»] (2.2) 

where e (fi = 1, . . . , r) indicate a basis of the Lie algebra g of G. 

Finally, let 71- : J\ (E) — > be the first jet-bundle associated with the bundle 

(do} 1 \ 
~ T^J J . 

In order to provide a better geometrical framework to describe Yang-Mills 
gauge theories, the following equivalence relation is introduced in J\(E): let u>\ = 
(x^,a^,afj),L02 = (x M ,af,d^) € Ji(E) be such that t:{uj\) = 7r(a>2), then: 

^i~^2 * = (2.3) 

This means that two sections are declared equivalent if their skew-symmetric 
derivatives are equal. In more geometric terms, being every section of the bun- 
dle E — ► M represented by a connection 1-form, the first jet-bundle has been 
constructed assuming that the equivalence between sections having a first-order 
contact is evaluated through the exterior differentiation (or, equivalently, the co- 
variant exterior differentiation), instead of the whole set of partial derivatives. 

Let J{E) := J\{E)j ~ denote the quotient bundle with respect to the above 
defined equivalence relation and p : J\{E) — > J{E) the canonical (quotient) pro- 
jection. The bundle J{E) is endowed with a set of local fibered coordinates 
x' l ,a^, Afj := \ (afj — (i < j), subject to the following transformation laws: 



dx^ dx h 

lk Q^l Q^,k 



jh + 2 ^ dxh Oj 




3 



where rjf{x) := W^-y 7(g)) ■ 

This newly defined geometrical framework is endowed with the most common 
features provided by a standard jet-bundle structure. 

• J -extension of sections. Given a section a : M — ► E its ^-extension is defined 
as Jo := p o Jio : M — » 3(E), namely projecting the standard jet-prolongation 
to J{E) by means of the quotient map. Conversely, every section s : M —* J(E) 
will be said to be holonomic if there exists a section a : M ^ E such that s = ^cx. 

• Contact forms. Let us define the following 2-forms on 3(E): 

r := dof A dx i + At'.dx* A dx j (2.5) 

They undergo the transformation laws = Ad{^ 1 )u9 u . The vector bundle which 
is locally spanned by the 2-forms IJ2.5|) will be called the contact bundle C(3(E)) 
and any section n : 3(E) — * C(3(E)) will be called a contact 2-form. Contact 
forms are such that s*(rj) = whenever s : M — > 3(E) is holonomic. 

• J -"prolongations of morphisms and vector fields. A generic morphism $ : E — > £7, 
fibered over M, can be raised to a morphism : 3(E) — > 3(E) considering its 
ordinary jet-prolongation and restricting it to 3(E) through the quotient map, 
namely: 

J$(z) := p o Vw£ p~ 1 (z) , z G 

As a matter of fact, not every morphism & : E ^ E commutes with the quotient 
map and produces a well defined prolongation (i.e. independent of the choice of 
the representative in the equivalence class), but it has to satisfy the condition: 

po ji$(wx) = po ji$(w2) V w\, W2 G P~ 1 {z) (2.6) 

Referring to 1 for the proof, it is easy to see that the only morphisms satisfying 
condition (|2.5|) are necessarily of the form: 



dx r 



(2.7) 



where T^(x) and fi(x) are arbitrary local functions on M. Their J— prolongation 



is: 



cIt t 

^ = T^x)^ + fr(x) 



dVl( dx k dx r dx k dx r \ „ df[dx k df v jdx k ' 



dx k \ dyi dy l dy l dyi J dx k dyi dx k dy 
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In a similar way (compare with P), it is easy to prove that the only vector fields 
of the form 

x = eV) w + + D ^< + if, l2S > 

(where e l (x), Dy(x) and Gq{x) are arbitrary local functions on M) can be ^—prolonged 
to vector fields over J{E) as follows: 

J(X)(z) := p* p - Hz) (jl(X)) Vz G J(P) (2.9) 

The resulting vector field has the form: 

J(X) = w + + Df^K + Gf gjj + Y.K, W 

' ' i<j l J 



where 



" 2 ^ 9xi 1 dx* i + dxi dx* J + " 11 + \ ki dxi k i dx* 

Finally, in order to adapt the geometrical framework to the presence of the covari- 
ant differentiation induced by connections, it is useful to introduce a set of new 
fibered local coordinates over J{E) of the form: 

x' = x^ af = af ^ = 2^ + ^ (2.10) 

where Cp U are the structure coefficients of the group G. The latter are subject to 
the following transformations laws: 

Using the new coordinates, every Yang-Mills Lagrangian m-form can be expressed 
as 

L = C(x\af,F^)ds (2.12) 

Moreover, it is possible to define a corresponding Poincare-Cartan m-form over 
S(E), expressed as 

e L := £ da - ^0" A i>„ (2.13) 
where P^ := -J^jrdsij, dsij := -J^ 1 -£jJ ds. 

The presence of the Poincare-Cartan form allows to deduce the evolutions equa- 
tions for Yang-Mills fields looking for the stationary points of the functional 

A L (7) := [ 7*(©l) V 7 : D C M J{E) (2.14) 
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The stationarity condition for Al (taking null variations at the boundary of the 
compact domain D) is equivalent to the conditions (compare with ^H|): 

7 *(^) = (2.15a) 



The first equation ensures the kinematic admissibility of the critical section 7, while 
the second represents the field equations of the problem. As a matter of fact, the 
kinematical admissibility is directly obtained from the variational principle and 
is not imposed as an a-priori condition, as a consequence of the regularity of the 
Lagrangian C within the new framework provided by J{E). 

3 The Hamiltonian framework 

Let A m (E) denote the modulus of m- forms over E, and let A™(E) C A m (E) 
(r < m) be the sub-bundle consisting of those m-forms on E vanishing when r 
of its given arguments are vertical vectors over the bundle E — * M. It is obvious 
that the above defined bundles form a chain of vector bundles over E such that: 

C A?(E) C Af(E) C...C A?(E) C . . . C A m (E) 

In particular the attention will be focussed on the first two sub-spaces. Given 
a system of local coordinates over E and let ds = dx 1 A ... A dx m , they can be 
respectively described as: 

A™(E) := {u> 6 A m (E) : u> = pds} (3.1) 

and 

A%(E) := {uj e A m (E) :u=pds + Ujj da* A d Sj } (3.2) 

where dsj := ^7 J ds. It is then possible to assume {x l ,a^,p} as a system of 
local coordinates on A™(E), subject to the transformations laws p = Jp (where 

dx* 
dx k 

A set of local coordinates for A™(E) is provided by the functions {x 1 , af, p, Iljf }. 
The latter are subject to a set of transformation laws described by eqs. (|2.1j) . 
together with: 



J := det 



p=J p + W; + + ^ (Ml'Vv + n 



M V dxi v g x g J Qrf dx* MV w ,v v lp 'dxidx 

(3.3a) 



nr = ^Mft^^J (3.3b) 
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The bundle A™(E) is endowed with the canonical Liouville m-form, locally ex- 
pressed as 

G := p ds + nj dat A d Sj (3.4) 

whose differential 

n-.= d9 = dpAds + cfllj A cia^ A d^- (3.5) 
is a multisymplectic (m + 1)— form over A™(E). 

A deeper geometrical insight in the problem can be given observing that eqs. (|3,3|) 
make A™ into a vector sub-bundle of Aip, thus allowing us to introduce the quotient 
bundle A™/ A™. As a consequence of the definition, the latter has the nature of 
a vector bundle over E and is locally described by the system of coordinates 
x l ,af,H 1 ^. It is worth noticing that the transformation law 1)3. 3b ) makes it : 
AV?(E) -» A^/Af into an affine bundle. 

The phase space is defined as the vector sub-bundle H(E) C A™ (E) / A™ (E ) con- 
sisting of those elements z S A™ '(E) / A™ (E) satisfying the requirement 

wfa) = -njf(z) (3.6) 

Condition ()3.6j) is well-posed because of the transformation laws ()3.3)) . A local 
system of coordinates for n(.E) is provided by x % , a f , Iljf (i < j), subject to the 
same transformation laws ()3.3b ). Besides, being H(E) a vector sub-bundle, the 
immersion i : H(E) — > A™ (E) / A™ (E) is well defined and is locally represented by 
eq. JUS) itself. 

The pull-back bundle tt : 7~C(E) —* n(£') defined by the following commutative 
diagram 

— ^— A?(E) 

4 r (3,7) 

11(E) — ► Af(E)/A i p(E) 

will now be taken into account. A local coordinate system for 7~i(E) is provided 
by rc*,o^,n^(i < j),p, subject to transformation laws (|3.3b ). together with: 

the latter being the antisymmetric part of eq. 1)3. 3b ). The above transformation 
law shows that the bundle n : Ti(E) — * H(E) has the nature of an affine bundle 
over the phase space. Every section h : H(E) — ► TL(E) will be called a Hamiltonian 
section, and will be locally described in the form: 

h:p = -H(x\a?,TV l l) (3.9) 
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The presence of the immersion i : 7~t(E) — > A^E 1 ), endows T~C(E) with the canon- 
ical m-form i*(Q), locally expressed as in eq. (|3.4I) . The latter will be simply 
denoted as and will be called the Liouville form on 7i{E). 
The presence of the m— form on 7i(E), allows to create a correspondence between 
the Hamiltonian and the Lagrangian viewpoints, based on the existence of a unique 
diffeomorphism A : J{E) — > TC(E) fibered over E satisfying the requirement: 



©l = A*(0) 



(3.10) 



Such a diffeomorphism will be called the Legendre map. Given a set of local 
coordinates x l , , F^Ai < j) on J{E) and x l , af , U$ (i < j),p on TC(E), and taking 
eqs. (|'2,10p and (|2.13j) into account, the Poincare-Cartan m-form can written as 



r)T 

Ur kr 



dL 

ds + TT^rrdat A ds r (3.11) 



and the Legendre map defined by eq. (j3.1()|) is such that: 



A : < 



x = x 



a? = or 



p(xi,af,F§) = L-\ (F£ r + a%a?Cjt,) 



dL 



(3.12) 



The most striking feature of the Legendre transformation between J{E) and T~C(E) 
is provided by its regularity, due to the acquired regularity of the Yang-Mills 
Lagrangian in the space J{E). In particular the condition 



det 



dF? t 



^ V i < j , r < k V a, fi 



assures the local invertibility of the last equation (|3.12j) . allowing to obtain the 
coordinates F$ as functions F? = F°- (x 3 a" , ILj' ) . Thus, the Legendre map has 
the nature of a regular immersion of J(E) into TC(E), yielding a submanifold 
\{ J{E)) C H(E), locally described by: 

p(x>, af, Dj) = L{x>, a?, n{f ) - \ {F^ , af, iPj) + a%a^ u ) nf (3.13) 



In accordance with the literature, the function 



1 



H(x\af,%) = -L(x\a?,%) + -F£ r {x\ af, V»)U* 



kr 



will be called the Hamiltonian of the system. 



(3.14) 
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If the phase space Ii(E) is taken into account, the composition A := iroA : J(E) — ► 
II(-E) results to be a (local) diffeomorphism. As a consequence, its (local) inverse 
map A : n(_E7) — ► J(E) can be considered. Taking the derivatives of eq. (j3.14j) 
with respect to and using the antisymmetric properties of the coordinates, one 
gets the coordinate representation for the inverse Legendre map as: 



A- 1 



x % = 


X 1 


< = 


< 















(3.15) 



Taking the Legendre map into account, as well as its inverse ()3.15j) . it is easy to 
see that the image \(J(E)) defined by eq. (j3.13|) yields a Hamiltonian section h, 
represented by a function 7i(x l , a^, Iljf ) = H(x\ o^, ILjj') + ^a^arCppU!^ '. 
Now, the presence of the Hamiltonian section allows to perform the pull-back of 
the Liouville form on TC(E) to the phase space n(i?). The result is a Hamiltonian 
dependent m— form 

9 ft := h*(Q) = -H(x\ a?, ng') ds - n« f da? A dsj- + ~<aj(7£,<isj (3.16) 

The variational principle constructed on the phase space n(I?) with the m-form 
®h yields the Hamilton equations for the problem. In fact, the solution of the 
variational problem for the functional 

A h { 1 )= [ j*(Q h ) V section 7 : D C M ->■ H(E) 
Jd 

is made of its Euler-Lagrange equations 

j*(XJde h ) = VI € V(IL(E),M) (3.17) 

where V (11(E), M) denotes the bundle of vectors over H(E) that are vertical with 
respect to the fibration over M. 

A straightforward calculation shows that eq. (|3,17[) splits into the following set of 
equations: 

-^- & S + d S-<<C»=V (3.18a) 
dlljl dxi dx l 1 J pu y ' 

+ n ?°? c t = ° < 3 - 18b > 

usually referred to as Hamilton-De Bonder equations. 

The inverse Legendre map (J3.15|) shows that eq. (|3.18b ) is the holonomy re- 
quirement for the solution, namely: 

« + dx* dxi a <^> 
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On the other hand, eq. (|3.18b ) can be written in terms of the covariant derivative 
Dj induced by the connection, giving rise to the usual evolution equations for the 
Yang-Mills fields: 

D ,IE< dH 



da? 



4 Multimomentum Hamiltonian formulation 

In the previous section a Hamiltonian approach to Yang-Mills field theories has 
been developed, adapting the already known Hamilton-De Donder formalism de- 
veloped within the framework of calculus of variations to the new geometrical 
setting. 

Nevertheless, there exists another well-known Hamiltonian approach to field the- 
ory, represented by the so-called multimomentum Hamiltonian formalism, where 
Hamiltonian connections play the same role as Hamiltonian vector fields in sym- 
plectic geometry. 

The argument has been widely studied in the literature (compare with |H EI)) 
both on the first jet-bundle and on the Legendre bundle (the phase space), in 
the Lagrangian and Hamiltonian framework. In this section we will show that a 
multimomentum formulation of the above theory can be built, starting from the 
Poincare- Cartan forms ()2.13[) and (|3.16|) . 

We will start extending some definitions and some results about the Legendre 
bundle of a generic field theory to our space. All the argument will be presented 
without proofs; the reader is referred to [3J [2] for comments and further develop- 
ments. 

First of all, the canonical monomorphism is introduced as: 

G : 11(E) ^ A m+1 T*(E) ® M T(M) 



d_ 

The following definitions are strictly associated with monomorphism (|4.1|) . 



G := -nj daf A ds <g> — (4.1) 



Definition 4.1 The pull-back valued horizontal form Q, locally described by eq. (|4.1|) 

is called multimomentum Liouville form on the phase space H(E). 



Q := cfflj A da? A ds ® — (4.2) 



Definition 4.2 The pull-back valued form, defined as 

d_ 

will be called the multisymplectic form on Ii(E). 

The relation between the forms (|4,1|) and (|4.2j) is described by the following 
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Proposition 4.1 Given a generic 1-form a E A 1 (M) ; i/ie forms (|4.1|) and (|4.2|) 

are such that 

OJ a = -d(0J a) (4.3) 

Let us consider a connection 7 of the bundle H(E) — > M, locally described by the 
tangent -valued horizontal 1-form 



7 



5 

dx k 







1 
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<X 2 fc " an-* 



(8) dx A 



(4.4) 



where 



~ L k/jf 



Then, the following definition can be given: 

Definition 4.3 A connection 7 of the bundle 11(E) — ► M, described by eq. (|4,4j) . 

is called a Hamiltonian connection if the (m + l)-form 7 J is closed. 

A straightforward calculation shows that a connection 7 is Hamiltonian if and only 
if it satisfies the following conditions: 



9af 



: 
dU p x q 



(4.5) 







Definition 4.4 yln m-form rj G A 1 (II(£')) is called a multimomentum Hamilto- 
nian form if for every open set U C n(E') there exists a Hamiltonian connection 
on U satisfying the equation 

7_m = dr ? (4.6) 

Now, we will show that the Poincare-Cartan form (|3.16|) is a multimomentum 
Hamiltonian form. In other words, we will show the existence of Hamiltonian 
connections 7 satisfying the equation 



7 j n = dO h 



(4.7) 



Moreover such connections will be shown to automatically satisfy the Hamilton-De 
Donder equations 1)3. 18|) . 

As a matter of fact, given a connection 7 in the form (|4.4|) . we have that 



7 J n = rf CT da? Ads- re dug A ds + dWJ A da? A d Sj 



(4.8) 



Nevertheless, one also as 
dH 



da? 



da? A ds 



1 dH 



aWJ A ds + dlH? A daf A ds,- 



+ 2°?°?^ dU ^ Ads + K C >] d < A ds 



(4.9) 
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A direct comparison of eqs. (|4.8|) and (|4.9|) gives the algebraic expressions satisfied 
by the components of 7: 

T ^ + d^~ U ' :( ' 1 ^ = ° (41 ° a) 
B FT 

rtj - rj, + — - - a»a<>C° pv = (4. 10b) 

dlr a 

Another direct comparison immediately shows that every integral section of a 
connection 7 satisfying eqs. ()4.1(jj) automatically verify the Hamilton-De Donder 
eqs. (HUH)- 

The Lagrangian version of the above multimomentum Hamiltonian formulation is 
obtained by means of Legendre transform. In fact the Lagrangian multisymplectic 
form on J{E) is defined through the Legendre map as: 

(dL \ d 
Qpp\ A^Ad^^j (4.11) 

The target connections of the fibration J{E) — > M are of the form 

d d 1_„ <9 

" St 



with F^ st = — r^ ts , and satisfy the equation 

1 l£l L = dQ L (4.13) 

Because of the following relation 

dL 1 / dL \ / dL i 

d@L= d^ da?Ads--F? J d( Ads-dl A daf A dsj + 

V " P CL d I S=tt \ Ads — ^rrCLal da? A ds 



-a, a 



it is easily seen that every 7 solution of eq. (|4.13|) satisfies the following conditions: 



* L + T» d ' L + V * L 1 - *±-*<C» - *± - U 14a) 



^&ri3i^ i h da%dF?t2 ^dF^dF^j dF£ * ^ da° 

F tj + I?< " rg + a M C 7A = ( 4 - 14b ) 
Once again, it is easy to verify that the integral sections of such a connection 7 
automatically satisfy Euler-Lagrange equations (|2,15|) , 
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5 3 + 3 Yang-Mills fields 



In this section a particular Gauge theory is considered: the base manifold M will 
be taken to be 3-dimensional and the gauge groups can be equivalently chosen 
between G = SO{3) and G = SO(2, 1). 

Under these hypotheses, both space-time and algebra indexes run from 1 to 3. 
Besides, given a basis {e^} for the Lie algebra g of G, we denote by K^ u the 
coefficients of an Ad-invariant metric over q such that the structure coefficients 
C"^ are expressed in the form 

1 
2 



C\ a = -VKK^e uXa (5.1) 



where \f~K = y^det K^ u \, K^ V K UCJ = 5% and e v \ a are the 3-dimensional Levi- 
Civita permutation symbols. 

The use of a dual formulation j^j allows to express such a (3 + 3) gauge theory in 
terms of a gravity-like theory in purely metric formulation, as proved in 0IE]- 
Now, making an explicit use of the Poincare-Cartan approach of section 3, we will 
show that the Hamiltonian version of a (3 + 3) gauge theory has the same shape 
as an Einstein-Cartan theory. Borrowing from [Tj the central idea consists 
in performing a local coordinate transformation in the phase space 11(E), locally 
described by the following relations: 



(5.2) 



where e denotes the usual 3-dimensional Levi-Civita permutation symbol. The 
inverse transformation of ()5.2|) is given by 



TT 1 - 7 — K p u fP i i 



— 1 ,-/JO"A, . 



(5.3) 



It will soon be clear that the coordinates ef play the role of the triad coordinates, 
while the coordinates uJi3 a represent the coefficients of the spin-connection. 
It is now easy to see that the Poincare-Cartan 1-form l|3.1fij) in the new coordinates 
has the form 

Qh = - Hds _ Kfive - e PijJ_ (V a c^ Act A d Sj + ~e™Pu/ a u; ifBa ds^ (5.4) 
where uj-^ a := uJj ua K^. 

Proposition 5.1 The following identities hold identically: 

~e^u jup u ifia = K^ X LO lXr ,LO J \ (5.5) 
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Proof. A direct calculation shows that the left hand side is such that 
while the right hand side becomes 

-K u iUi2r 1 LO-' n 3 + KiQUilrjUj 71 3 - K^LOn^LO- T ' 2 = 
K v -\U)i3\U)j 1 2 + K„iUj32Vj 2 2~ Kv2UiuUj 1 1 — K u2 ^i32^j 2 1 + 
K v 3U)i2\U)j x + K^UiVitO? \ — K v \Ui2\iOj 1 3 — KyiWi23^' 3 3 + 
K u 2^il2^j 2 3 + ^2Wii3^' 3 3 — ^i/3^il2^j 2 2 ~~ ^1/3^*13^ 3 2 

Now we notice that: 

>jvlUi23 = K v iLOi23^j 1 1 + K v2 U)i23U)j 2 1 + ifi/3^i23^ 1 

1^2^13 = ^i/lWil3^j 1 3 + K v 2U)H3U)j 2 3 + K v 3U)H3LOj 3 
WjV3^il2 = -Ki/lWil2Wj 1 2 + K V 2UJH2UJ 2 2 + K v 3<j)i\2Wj 3 2 

whence: 

K^e^a^ a = --e pap u jvp u i0a + 

The conclusion follows from the trace properties of the coefficients „ = 0. □ 

Taking the identity (|5.5[) into account, we can write the differential of Qh in the 
form: 

OH 1 11 1 

d@ h = ~ ttt de i A ds ~ o a da; iA<r A ds + -^e pi V Q % >; ,e£ A ds 

- K^e™ de v p A (doo lXa A d Sj - u iX ^.\ ds) 

(5.6) 

Now, let X = Xp J^j + ^XiXa g£- be a vertical vector field, with respect to the 
fibration 11(E) — > M, on the phase space H(E). We calculate the inner product 

x J de h = (-^L ds - e pij e ^^ duJiXa A dSj + e pij e ^^ u . XvU .v a ds ^ x ; 

+ (rl~i^x~ ^ + de P A ds 3 + ^^^JP^P ds ) XiXa 

(5.7) 
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The imposition on the Hamilton-De Donder conditions ~f*(XA dO^) = V X 
yields the final equations 

representing the Hamilton-De Donder equations in the new coordinates. 
As it was anticipated at the beginning of the section, eqs. (|5.8|) have the form 
of the 3-dimensional Einstein-Cartan equations, where the coordinates and 
uji^ u respectively represent the triad components (whenever det ||ef || / 0) and the 
spin-connection coefficients. 

In particular, let us consider a free Yang-Mills field, whose dynamical properties 
are described by the usual Lagrangian density L = — ^F^ p FJ q g l ^g pq K^ u ^/g, where 
gij is a given metric over M and g := |detpij|. Under such circumstances, the 
Legendre transformation and the Hamiltonian are respectively described by the 
following equation: 

When the new coordinates (|5.2j) are introduced, the Hamiltonian takes the form: 

H = -\G kh g kh ^a{g) (G hk := <e^) 
with a(g) representing the sign of det \\gij\\- Since 

eqs. (|5.8(l take the form 

2K^e^^+^%e;)=0 (5.9a) 

^ k K^g k P^a(g) - e™e uXa R l3 ^VKa(K) = (5.9b) 

where 

7? _ ^jXa diOj\ a „ „ p Act _ p 7>^A TSVCJ 

RijXa - -g- g—+u; i x v uj j a - Ujxn^i a , tiij - n ijflu K^ K 

and a(K) = sign(det ||K MI/ ||)). 

Under the hypothesis det \\ef\\ / eqs. ()5.9|) have the same form as Einstein equa- 
tions in the triad-affine formulation. Because of eq. (|5,9b ). the solution LOi /ll ,(x) is 
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equal to the (spin-connection associated with) Levi-Civita connection induced by 

the metric G = K fMU e fJ '(x) (g> e u (x), which is a solution of eq. (|5.9b ). 

More in particular, eqs. (j5,9[) actually describe a first-order purely frame-formulation 

of a General Relativity like theory in three dimensions. 

Infact, we notice that the transformation laws of the coordinates (|5.2|) are 

e» = e1Ad(l- l Y„Q- (5.10a) 

and 

dx j dAdh- 1 )* dx h 

= Ad^Ad^Z—^ + Ad^l £- h ljL g-K au (5.10b) 

Eqs. (j5,10aj) are the transition functions of a bundle ir : T — > M, associated with 
P x a/ L(M) (L(M) being the frame bundle over M) through the left action 

A:(Gx GL{3, »)) x GL{3, R) -► GL(3, »), A( 5 , J; X) := Ai(<?) • X • J" 1 (5.11) 

The (local) sections e : M — > T may be identified with (local) triads ef(x)dx l 
on M; the latter are truly gauge natural objects [HI, sensitive to the changes of 
trivialization of the structure bundle P. Each triad e M induces a metric on M 
expressed as G := K^ v e^ (g) e y , which is invariant under transformations ()5.10a|) 
by construction. 

A new ^-bundle 7r : J{T) — > M can also be constructed by quotienting the 
first-jet bundle ji{T) of 7r : T — > M with respect to an equivalence relation 
analogous to IJ2.3JI . The bundle J(T) is naturally referred to local coordinates 

^ef,i^:=±( e £-e£) (<<j). 

Now the idea is to choose the components of the spin- connections generated by 
the triads themselves as fiber coordinates on the bundle J{T). 
Within this framework, let z = (x l , , E^-) be an element of J(T), x = fr(z) its 
projection over M, a representative triad belonging to the equivalence class z 
and G = K^e^ (g) e u the metric on M induced by the triad e M ; we also denote 
by r^. the Levi-Civita connection induced by the metric G and by u> i ^ 1 the spin 
connection associated with T^ h through the triad itself. 

The relation between the coefficients T^ h and Wj^, evaluated in the point x = 
tt(z) E M, is expressed by the equation 

< V V) = (r£^(x) + ^) (5.12) 

If the coefficients T^ h are written in terms of the triad and its derivatives, one 
gets the well-known expression 

Ui \{x) := e*(x) (S^,(x) - E/,(x) + £./(*)) 4(z) (5.13) 
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where 



1 / def(x) de 



A, 



:= e{(x)E^x) = e{(x)- ^ - (5.14) 



the Latin indexes being lowered and raised by means of the metric G. Equations 
(j5.13j) and (|5.14j) show that the values of the coefficients of the spin-connection 
ijJ^ v , evaluated in x = n(z), are independent of the choice of the representative 
e M in the equivalence class z £ J(T). 

Moreover, the torsion-free condition for the connection u i ^ v gives a sort of inverse 
relation of eq. (|5.13|) in the form 

Mg(x) =uS v {x)e»{x)-u j \{x)e»{x) (5.15) 

Because of the metric compatibility condition := uj i a ' u K afl = —u>i u ^, there 
exists a one-to-one correspondence between the values of the antisymmetric part 

of the derivatives E^(x) = \ f ~~jfaT ~ " J an d the coefficients of the spin- 
connection u)i iiu {x) in the point x = tt(z). 

The above considerations allow us to take the quantities uJi^ u as fiber coordinates of 
the bundle J{T), looking at the relations (|5.13|) and (|5.15|) as coordinate changes 
in J{T). 

Finally, it is a straightforward matter to verify that the transformation laws of 
the spin connection coefficients coincide with eqs. (|5,10b|) . as well as that the 
3- form (|5.3|) is invariant under coordinate transformations (j5.1Ua|) . ()5,10b|) . 
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